
Example – PR Manipulator 1

• Given: 𝑟,𝑝௘
• Find: singularities

(𝑑,𝜃 values)
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Example – PR Manipulator 1

• Given: 𝑟,𝑝௘
• Find: singularities

1) Write position FK equations
2) Take derivative for velocity
3) Put in matrix form 𝑋ሶ ൌ 𝐽𝜃ሶ
4) Set det(J) = 0, solve
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Example – PR Manipulator 1

1) Write position FK equations
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𝑿𝟎

𝒁𝟎

𝒀𝟎

𝜽
𝒅 𝒔

𝒓

𝒑𝒆
𝑥 ൌ 0

𝑦 ൌ 𝑟𝑐𝑜𝑠ሺ𝜃ሻ
𝑧 ൌ 𝑑 ൅ 𝑟sin ሺ𝜃ሻ



Example – PR Manipulator 1

2)  Take derivative for velocity
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𝜽
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𝒑𝒆
𝑦ሶ ൌ െ𝑟𝜃ሶ𝑠𝑖𝑛 𝜃
𝑧ሶ ൌ 𝑑ሶ ൅ 𝑟𝜃ሶ cos 𝜃



Example – PR Manipulator 1

3)  Put in matrix form 𝑋ሶ ൌ 𝐽𝜃ሶ
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𝑿𝟎

𝒁𝟎

𝒀𝟎

𝜽
𝒅 𝒔

𝒓

𝒑𝒆𝑦ሶ
𝑧ሶ ൌ

0 െ𝑟𝑠𝑖𝑛 𝜃
1 𝑟 cos 𝜃

𝑑ሶ
𝜃ሶ



Example – PR Manipulator 1

4) Set det(J) = 0, solve
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𝑿𝟎
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𝜽
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𝒓

𝒑𝒆𝑟𝑠𝑖𝑛 𝜃 ൌ 0

𝜃 ൌ 0,𝜋



Example – 2-Link Planar Arm

• Given Lଵ, 𝐿ଶ, 𝑎𝑛𝑑 𝑝௘ ൌ ሺ𝑥௘ ,𝑦௘ሻ
• Find: Singularities
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Example – 2-Link Planar Arm

• Given Lଵ, 𝐿ଶ, 𝑎𝑛𝑑 𝑝௘ ൌ ሺ𝑥௘ ,𝑦௘ሻ
• Find: Singularities

• Inspection: 𝜃ଶ ൌ 0,𝜋
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Example – 2-Link Planar Arm

1) Write position FK equations
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𝜃ଵ

𝜃ଶ

𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆

𝑥 ൌ 𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ
𝑦 ൌ 𝐿ଵ𝑠ଵ ൅ 𝐿ଶ𝑠ଵଶ



Example – 2-Link Planar Arm

2)  Take derivative for velocity
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𝜃ଵ

𝜃ଶ

𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆
𝑥ሶ ൌ െ𝐿ଵ𝑠ଵ െ 𝐿ଶ𝑠ଵଶ 𝜃ଵሶ െ 𝐿ଶ𝑠ଵଶ𝜃ଶሶ
𝑦ሶ ൌ 𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ 𝜃ଵሶ ൅ 𝐿ଶ𝑐ଵଶ𝜃ଶሶ



Example – 2-Link Planar Arm

3)  Put in matrix form 𝑋ሶ ൌ 𝐽𝜃ሶ
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𝜃ଵ

𝜃ଶ

𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆
𝑥ሶ
𝑦ሶ ൌ

െ𝐿ଵ𝑠ଵ െ 𝐿ଶ𝑠ଵଶ െ𝐿ଶ𝑠ଵଶ
𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ 𝐿ଶ𝑐ଵଶ

𝜃ଵሶ
𝜃ଶሶ



Example – 2-Link Planar Arm

4) Set det(J) = 0, solve
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𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆

0 ൌ െ𝐿ଵ𝑠ଵ െ 𝐿ଶ𝑠ଵଶ 𝐿ଶ𝑐ଵଶ െ 𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ െ𝐿ଶ𝑠ଵଶ
𝜃ଶ ൌ 0,𝜋

Use trig identity
sin 𝐴 ൅ 𝐵 ൌ sin 𝐴 cos 𝐵 െ cos 𝐴 sin ሺ𝐵ሻ



Example – PR Manipulator 2

• Given: 𝑟,𝑝௘
• Find: singularities

(𝑑,𝜃 values)

02/14/2019  E. Ledoux 57

𝑿𝟎

𝒁𝟎

𝒀𝟎

𝜽

𝒓 𝒑𝒆

𝒅



Example – PR Manipulator 2

• By inspection:
no singularities
• By math:

J = 0 no matter what
(2 DoF < 3D space)
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