
Formula Method

• For an n-link robot with joint variables 𝑞ଵ … 𝑞௡,
With forward kinematics:

0)  Determine FK (if not given)
1) Locate all joint origins 𝑜௜଴

2) Write all joint axis vectors 𝑧௜
3) Do math by category (𝐽௩, 𝐽ఠ, R joint, P joint)
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𝑇௡଴ ൌ
𝑅௡଴ 𝑜௡଴
0 1



Formula Method

• Split into linear 𝐽௩ and angular 𝐽ఠ
• For 𝐽௩
• Assume all joints but i fixed
• Look at end effector velocity

• For 𝐽ఠ
• Look at frame i rotation relative to frame i-1
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𝐽௩ ൌ ቊ𝑧௜ିଵ ൈ 𝑜௡ െ 𝑜௜ିଵ  ∶ 𝑟𝑒𝑣𝑜𝑙𝑢𝑡𝑒
𝑧௜ିଵ                          ∶ 𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐  

𝐽ఠ ൌ ቊ𝑧௜ିଵ  ∶ 𝑟𝑒𝑣𝑜𝑙𝑢𝑡𝑒
0    ∶ 𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐 

𝐽 ൌ 𝐽௩
𝐽ఠ

 



Example – 2-Link Planar Arm

• Given 𝐿ଵ, 𝐿ଶ
• Find Jacobian using formula method
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𝜃ଵ

𝜃ଶ

𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆



Example – 2-Link Planar Arm

1) Locate all joint origins 𝑜௜଴
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𝜃ଵ

𝜃ଶ

𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆𝑜ଵ଴ ൌ
𝐿ଵ𝑐ଵ
𝐿ଵ𝑠ଵ

0

𝑜ଶ଴ ൌ
𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ
𝐿ଵ𝑠ଵ ൅ 𝐿ଶ𝑠ଵଶ

0

𝑜଴଴ ൌ
0
0
0



Example – 2-Link Planar Arm

2)  Write all joint axis vectors 𝑧௜
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𝜃ଵ

𝜃ଶ

𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆
𝑧଴଴ ൌ 𝑧ଵ଴ ൌ 𝑧ଶ଴ ൌ

0
0
1



Example – 2-Link Planar Arm

3)  Do math by category (2 R joints)
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𝜃ଵ

𝜃ଶ

𝑿𝟎

𝒀𝟎 𝑳𝟏

𝑳𝟐

𝒑𝒆𝐽 ൌ 𝐽௩ 
𝐽ఠ

ൌ
𝑧଴଴ ൈ ሺ𝑜ଶ െ 𝑜଴ሻ 𝑧ଵ଴ ൈ ሺ𝑜ଶ െ 𝑜ଵሻ

𝑧଴଴ 𝑧ଵ଴

𝐽 ൌ െ𝐿ଵ𝑠ଵ െ 𝐿ଶ𝑠ଵଶ െ𝐿ଵ𝑠ଵ
𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ 𝐿ଵ𝑐ଵ



Example – SCARA Robot

• Given robot as shown, find Jacobian
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𝑿𝟎

𝒁𝟎

𝑿𝟏

𝒁𝟏

𝑿𝟐

𝒁𝟐

𝑿𝟑

𝒁𝟑

𝑿𝟒

𝒁𝟒

𝑳𝟏𝑳𝟐

𝒅𝟑

𝒉𝟏

𝜽𝟏

𝜽𝟐

𝜽𝟒𝒉𝟒



Example – SCARA Robot

1)  Locate all joint origins 𝑜௜଴
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𝑿𝟎

𝒁𝟎

𝑿𝟏

𝒁𝟏

𝑿𝟐

𝒁𝟐

𝑿𝟑

𝒁𝟑

𝑿𝟒

𝒁𝟒

𝑳𝟏𝑳𝟐

𝒅𝟑

𝒉𝟏

𝜽𝟏

𝜽𝟐

𝜽𝟒𝒉𝟒



Example – SCARA Robot

1)  Locate all joint origins 𝑜௜଴
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𝑿𝟎

𝒁𝟎

𝑿𝟏

𝒁𝟏

𝑿𝟐

𝒁𝟐

𝑿𝟑

𝒁𝟑

𝑿𝟒

𝒁𝟒

𝑳𝟏𝑳𝟐

𝒅𝟑

𝒉𝟏

𝜽𝟏

𝜽𝟐

𝜽𝟒𝒉𝟒

𝑜ଵ଴ ൌ
𝐿ଵ𝑐ଵ
𝐿ଵ𝑠ଵ
ℎଵ

𝑜ଷ଴ ൌ
𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ
𝐿ଵ𝑠ଵ ൅ 𝐿ଶ𝑠ଵଶ
ℎଵ െ 𝑑ଷ

𝑜଴଴ ൌ
0
0
0

𝑜ଶ଴ ൌ
𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ
𝐿ଵ𝑠ଵ ൅ 𝐿ଶ𝑠ଵଶ

ℎଵ

𝑜ସ଴ ൌ
𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ
𝐿ଵ𝑠ଵ ൅ 𝐿ଶ𝑠ଵଶ
ℎଵ െ 𝑑ଷ െ ℎସ



Example – SCARA Robot

2)  Write all joint axis vectors 𝑧௜
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𝑿𝟎

𝒁𝟎

𝑿𝟏

𝒁𝟏

𝑿𝟐

𝒁𝟐

𝑿𝟑

𝒁𝟑

𝑿𝟒

𝒁𝟒

𝑳𝟏𝑳𝟐

𝒅𝟑

𝒉𝟏

𝜽𝟏

𝜽𝟐

𝜽𝟒𝒉𝟒



Example – SCARA Robot

2)  Write all joint axis vectors 𝑧௜
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𝑿𝟎

𝒁𝟎

𝑿𝟏

𝒁𝟏

𝑿𝟐

𝒁𝟐

𝑿𝟑

𝒁𝟑

𝑿𝟒

𝒁𝟒

𝑳𝟏𝑳𝟐

𝒅𝟑

𝒉𝟏

𝜽𝟏

𝜽𝟐

𝜽𝟒𝒉𝟒

𝑧଴଴ ൌ 𝑧ଵ଴ ൌ
0
0
1

𝑧ଶ଴ ൌ 𝑧ଷ଴ ൌ 𝑧ସ଴ ൌ
0
0
െ1



Example – SCARA Robot

3)  Do math by category (3 R joints, 1 P joint)
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𝑿𝟎

𝒁𝟎

𝑿𝟏

𝒁𝟏

𝑿𝟐

𝒁𝟐

𝑿𝟑

𝒁𝟑

𝑿𝟒

𝒁𝟒

𝑳𝟏𝑳𝟐

𝒅𝟑

𝒉𝟏

𝜽𝟏

𝜽𝟐

𝜽𝟒𝒉𝟒

𝐽 ൌ
𝑧଴଴ ൈ 𝑜ସ െ 𝑜଴ 𝑧ଵ଴ ൈ 𝑜ସ െ 𝑜ଵ 𝑧ଶ଴ 𝑧ଷ଴ ൈ 𝑜ସ െ 𝑜ଷ

𝑧଴଴ 𝑧ଵ଴ 0 𝑧ଷ଴



Example – SCARA Robot

3)  Do math by category (3 R joints, 1 P joint)
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𝑿𝟎

𝒁𝟎

𝑿𝟏

𝒁𝟏

𝑿𝟐

𝒁𝟐

𝑿𝟑

𝒁𝟑

𝑿𝟒

𝒁𝟒

𝑳𝟏𝑳𝟐

𝒅𝟑

𝒉𝟏

𝜽𝟏

𝜽𝟐

𝜽𝟒𝒉𝟒

𝐽 ൌ
𝑧଴଴ ൈ 𝑜ସ െ 𝑜଴ 𝑧ଵ଴ ൈ 𝑜ସ െ 𝑜ଵ 𝑧ଶ଴ 𝑧ଷ଴ ൈ 𝑜ସ െ 𝑜ଷ

𝑧଴଴ 𝑧ଵ଴ 0 𝑧ଷ଴

𝐽 ൌ

െ𝐿ଵ𝑠ଵ െ 𝐿ଶ𝑠ଵଶ െ𝐿ଶ𝑠ଵଶ 0 0
𝐿ଵ𝑐ଵ ൅ 𝐿ଶ𝑐ଵଶ 𝐿ଶ𝑐ଵଶ 0 0

0 0 െ1 0
0 0 0 0
0 0 0 0
1 1 0 െ1


