Inverse Kinematics

Chapter 3



Inverse Kinematics

* Inverse kinematics: given end effector pose,
find joint positions
e Assume each joint in the chain has 1 DoF (or is two
joints, etc.)
* More difficult than FK for serial robots
e Easier than FK for parallel robots

Joint EE
O’s XYZ,RPW
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Inverse Kinematics Te°=[%3 %| =

* Goal: Find all solutions to T2 (04,05, ...0,,) = H

* Method: take 15t 3 rows of H entries and solve for
alld, 6

e Results: 12 equations (3x4), n unknowns

* Closed-form analytical solutions are ideal. Cases:
* No solution (outside workspace)
* One solution (edge of workspace)
* Multiple solutions (inside workspace)
* Impossible solutions (inside workspace)



Example — 2-Link Planar Arm

* Given p, = (X,,¥.), find 84,6,
* Analytical solution: 2 equations, 2 unknowns
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Example — 2-Link Planar Arm

0 .0
* For 6,: TO = [Re Oe
0 1
* Pythagorean theorem
* Law of cosines

Pe

* For 81:
* Position tangent

e Use tan instead of sin or cos

for accuracy when possible
(In Matlab: 6=atan2(y, x) )Yo
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Example — 2-Link Planar Arm

X2 4 v2 _[2 _ ]2
cos(6,) = — y26L 5 L 2y
11>

9, = tan™? <\/ - @gz)) %
Y

L,sin(6
6, = tan ! Ye) _ tan—? 2Sin(62) 2
X Ly + L,cos(6,)
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Example: 6R Serial Arm w/ 3-axis Wrist

* Most industrial robots have 6 DoF but a 3-axis
intersecting wrist, so decouple equations

* Position: p, — 064,6,,0,
e Orientation: RY — 8,, 8, 0
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Example: 6R Serial Arm w/ 3-axis Wrist

o i . TO — Re  pe dL TR ]
Given: 1¢ 0 1 ana Lg F|nd.H1, 02,93,94,95, 96

pQ: wrist center

9. end effector tip
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Example: 6R Serial Arm w/ 3-axis Wrist

0
1) Calculatep? =pd —RZ| 0
L

2) Use p.to find 64, 6,, 04
3) Calculate R3 from 84, 8,, 05
4) Calculate R from R3, R

5) Use R , ZYZ Euler angles, DH
to find 6,,0<, O,




Example: 6R Serial Arm w/ 3-axis Wrist

0
1) Calculatepl =p2 —R2| 0
L




Example: 6R Serial Arm w/ 3-axis Wrist

2) Use p.to find 64, 05, 05

* Project onto xyy, plane
* Solve using trig: §; = tan™*! (%
e

* Solve for 6,, 65 using more trig




Example: 6R Serial Arm w/ 3-axis Wrist

3) Calculate Ry 6, 6,, 05
* Use 64,0,,05
* R} = R?RIRS

— Rzé?l (Rxn/ZRZHZ)R293
C1€23 C1S23  S1
RY = |51C23 51523 —C1] %
S23 C23 0




Example: 6R Serial Arm w/ 3-axis Wrist

4) Calculate R

Rg = (R3)"Rg




Example: 6R Serial Arm w/ 3-axis Wrist

5) Find 6,85, 6,

e Use R2 and ZYZ Euler angles
* Rg — RZ94Ry95RZ96
* Egns 2.28-2.33

 Use R} and DH parameters
Cq4C5Cqg — SpSg —CyC5Sg — CyS¢g
R3 = |S4C5C6 + €456 —S4C55¢ + C4C
—S55C6 5556

* Set equations equal and solve




Example: 6R Serial A_Br_n w/ 3-axis Wrist

1) Calculatepl =p2 —R2| 0
L

2) Use p.to find 64, 6,, 04
3) Calculate RJ from 04,05, 05
4) Calculate R? from R3, Ry

5) Use RZ, ZYZ Euler angles, DH
to find 64,05, 6,

Results: eq’ns 3.64-3.69 in book
Yields 16 solutions




Singularities

* Beware singularities!
* Joints 4 and 6 can align in gimbal lock

. . (7]
* Wrist can’t rotate instantaneously ‘
* DOF lost
(O H b
94— 95 04 95
SINGULAR NONSINGULAR

oo solutions 2 solutions



Example — RRP Stanford Manipulator
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Example — RRP Stanford Manipulator

* Treat similarly to RRR
1) Find 84 from x,y, plane

2) Find 8, using trig

3) Find d5 using
Pythagorean Theorem




Example — RRP Stanford Manipulator

* Treat similarly to RRR

1) Find 84 from x,y, plane
_x,

Ye

-1

6, = tan




Example — RRP Stanford Manipulator

* Treat similarly to RRR

1) Find 84 from x,y, plane
_x,

Ve
2) Find 8, using trig

S — L
6, = tan~! (;) = tan™! (\/ijoj,z)

-1

6, = tan




Example — RRP Stanford Manipulator

* Treat similarly to RRR

1) Find 84 from x,y, plane
_x,

Ve
2) Find 8, using trig

S — L
6, = tan~! (;) = tan™! (\/ijoj,z)

3) Find d; using
Pythagorean Theorem

d3 =\/7‘2+SZ

-1

6, = tan




General Notes

* A manipulator is solvable if ALL sets of joint variables
for any pose can be found

* All single-chain 6-DOF robots (RP combos)
are solvable at least numerically (Matlab!)
Use Jacobian and resolved rates to min joint motion

* Analytical solutions for the 6R robot are only possible
with a 3-axis intersecting wrist

6R, 5RP = 16 solutions
4R2P > 8 solutions
3R3P > 2 solutions



Redundant Robots

e Redundant robots have more DoF than needed,
so more unknowns than equations

oo solutions inside workspace
1 solution on workspace edge

O solutions outside workspace
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Example — PR Manipulator

* Given: 1, p,
* Find: d, 6




Example — PR Manipulator

1) Find 8 from,y, .B
|

2) Find d from 0, z, ﬁ

L
<
L
.
N
.
D
5
S
S
S
>
S
/ /\



Example — PR Manipulator

2) Find d from 0, z, ﬁ

d=2z,—r1sin(0) /»}T//



Example — RR Manipulator

* Given: L, L,, p,
* Find: 01, 62




Example — RR Manipulator

1) Find 6 from x,, vy,

2) Find 6, from z,




Example — RR Manipulator

1) Find 6 from x,, vy,
0, = tan‘l(z—e)

2) Find 6, from z,

0, = sin~1
2 )
x2 + 2
6, = cos 1(\/ Y )
L,

1, Ze — Lq

6, = tan 1( 62 2) Any of these
\/X +y are acceptable

on an exam
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